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Ab s t  r ac t  
The asymptotic form of the  wave f u n d i o n  for (S-wave) electron-hydzogen 
ionization deduced by Peterkop and by Rudge and Seaton is examined and found 
not t o  obey the correct boundary condition at g1 = z2. 
quantity by which it d i f f e r s  from being an exact solution becomes in f in i t e ly  
large as 21 -, z2. 
theory of electron-fiydrogen scattering other solutions are shown t o  ex is t .  
Within t h i s  approximation we show how a f'ul&y sat isfactory solution of the  
Schr'&inger equation can be constructed, and w e  indicate tha t  it leads t o  an 
Ln addition the 
On the bas i s  of the zeroth order problem of the nonadiabatic 
w E3 / threshold law for  ionization. Furthermore, it lends i t s e l f  t o  a natural  
generalization f o r  the  asymptotic form of the  f u l l  S-wave problem which continues 
t o  suggest a nonlinear threshold dependence for  the complete problem. 
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The problem of the ionization of atomic hydrogen by electron impact i s  a 
fundamental problem dealing with the separated configuration of three charged 
par t ic les .  
erable current importance because recent observations of the e l a s t i c  resonances 
In addition t o  i t s  theoret ical  in te res t ,  the problem i s  of consid- 
in e&c-i;ron-'w*ogen scatter- 1 x m i t e d  in accuracy teczase of tb2 ~ n c e r -  
t a i n t y  of the shape of the ionization cross section. 
inaccuracy stems from the uncertainty of the nature of the threshold energy 
dependence of the ionization cross section, whose s ta r t ing  point i s  a key 
reference point i n  determining the experimental energy scale. 
Specifically, t h i s  
Although there have been numerous approximate calculations of the 
ionization cross section af atomic hydrogen by electron impact, it is  only 
comparatively recently t h a t  attempts have been made t o  put t h i s  problem on a 
more rigorous theoret ical  footing. 
independently, Rudge and sea to^^'^ have derived an asymptotic form of t h e  wave 
function. 
which must be known i n  order t h a t  an independently derived re la t ion  between 
d i rec t  and exchange ionization amplitudes' be usef i l .  
asymptotic form is, in the important region of configuration space, proportional 
t o  the  complex conjugate of a function @, a product of two Coulomb waves whose 
charges depend on the vector velocit ies of the outgoing par t ic les ,  which i s  
the basis  upon which the  linear threshold law i s  deduced. 
Peterkop2 and somewhat l a t e r ,  but largely 
This asymptotic form can then be used t o  determine a phase factor  
In addition t h i s  
6 
The purpose of t h i s  note i s  t o  point out inadequacies i n  the above asymptotic 
form, and t o  show by means of a simpler model t h a t  t h e  neglect of cer ta in  terms 
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which must be made i n  deriving it i s  not j u s t i f i e d .  The two arguments taken 
together strongly indicate thatAasymptotic form i s  not correct .  
has obvious negative implications about t h e  above mentioned phase f a c t o r  and 
about t h e  derivation of a l i n e a r  threshold l a w .  
the 
This i n  t u r n  
W e  r e s t r i c t  ourselves t o  the t o t a l  S-wave system f o r  which the  Schddinger 
equation can be wr i t ten  (energies i n  rydbergs, lengths i n  Bohr r a d i i ) :  
where 
been made i n  terms of hyperspherical coordinates: 
i s  rl r2 t i m e s  t h e  S-wave function Y .  The previous analyses2J3 have 
I n  terms of these coordinates, the S-wave SchrEdinger equation becomes 
I .' - 3 -  
where 
The asymptatic form of references 2 and 3,  can be derived from ( 3 )  by 
neglecting all terms which depend on p". 
an ordinary d i f f e r e n t i a l  equation i n  p whose solution depends only parametrically 
on the remaining coordinates cy and e=. 
represents an outgoing radial current i n  t h i s  approximation i s  
In t h i s  way Equation ( 3 )  becomes 
In  par t icular ,  t h a t  solution which 
where f(Q',e12) i s  a function whose s p c i f i c a t i o n  we need not here consider. 
If one operates on t h i s  function with the terms t h a t  were neglected i n  
Equation ( 3 ) ,  one finds the leading order'term i s  
This remainder term being also essent ia l ly  of order p-2 appears consistent with 
the  neglect of such terms i n  the first place. (But see below.) 
It should be noted t h a t  t h i s  argument i s  not foolproof, because it i s  possible 
t h a t  ( a )  a solut ion with asymptotic form of Equation ( 5 )  sa t i s fy ing  a l l  other 
required boundary conditions does not ex is t ,  (b) t he re i s  an other solutions f o r  
which the  terms i n  question cannot be neglected. 
then ( b )  follows. 
Indeed i f  ( a )  i s  the  case, 
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If ( 3 )  were the correct asymptotic form, it would have t o  be va l id  f o r  
both space symmetric ( s ing le t  ) and space antisymmetric ( t r i p l e t  ) solutions.  
We s h a l l  consider t he  s ing le t  case i n  t h i s  paragraph. The phase i n  ( 5 )  depends 
on W .  But from (4), W i s  proportional t o  the  t o t a l  po ten t ia l  energy and there-  
fore has s ingu la r i t i e s  where the poten t ia l  has s ingu la r i t i e s ;  one of these i s  
a t  r12 = 0, which can occur for large values of fl and s2 where Equation ( 5 )  
i s  supposed t o  be va l id .  
since the  W term is  multiplied by a function of p .  However, a correct quantum 
mechanical solution has a cusp where the potent ia ls  are singular.  
Nor can anything i n  f(a,  €Il2) cancel t h i s  s ingular i ty  
7 
O f  even greater  significance i s  the  f a c t  t h a t  the quantity by which t h b  
function d i f f e r s  from being an exact solution, t h e  expression ( 6 ) ,  i s  ( fo r  a 
given p )  even more s ingular  than the poten t ia l  i t s e l f  a t  ,rl = ~ 2 .  
8 Peterkop has s t a t ed  t h a t  t h i s  s ingular i ty  recedes t o  i n f i n i t y  by which 
we presume he means t h a t  since ( 5 )  represents an asymptotic expansion, t he  region 
where the  asymptotic form becomes va l id  demands p be indef in i te ly  large as r1 -+ r2. 
This argument i s  c i rcu lar :  there  i s  a correct asymptotic form of the wave 
function including the region z1 = z2; t h e  problem is,  given the  SchrEdinger 
equation as a p a r t i a l  d i f f e r e n t i a l  equation, t o  f i n d  t h a t  solution. When one 
has found t h a t  solution, one can inquire as t o  whether it i s  close t o  another 
(approximate ) solution of ( 5 )  which does not obey t h a t  boundary condition. 
In f a c t  t he  form of ( 5 )  i s  reminiscent of a WKB type of approximation,and t h e  
divergence of the phase along s ingu la r i t i e s  of the poten t ia l  i s  a charac te r i s t ic  
defect of t h a t  approximation. The c r u c i a l  question of whether a WKB descr ipt ion 
i s  v a l i d  depends on the  energies and masses of t h e  pa r t i c l e s  involved. We 
s h a l l  t a l k  of the energy dependence below, but it i s  c l ea r  t h a t  t h e  approximtion 
.. .u. 
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i s  much more compelling for,  s a y ,  proton-Wsogen ionization than f o r  e-H 
ionization. 
We s h a l l  next show by considering a simplified model t h a t  there  almost 
cer ta in ly  axe solutions of (3 )  f o r  which one cannot neglect p-2 terms even 
i n  t h e  asymptotic region. 
by i t s  spherical  average Wo = (1/2) I W s i n  €lud0=: 
The model consists of replacing W 2n Ecpa+uisr; (3)  
It is  c lear  t h a t  going through the  same arguments which l e d  t o  would in 
t h i s  case lead t o  a solut ion with asymptotic form 
Here the  diverging phase along Y rl = z2 is transformed i n t o  a cusp (discontinuity 
of s lope)  along rl = r2, but i n  essence inadequacy remains.7 In addition w e  
can here write dawn exact solutions neglecting no terms i n  Wo equation. An 
example of such a solution is: 
where 
g,'+pz? = E 
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and F (+) (x )  i s  the R = 0 outgoing wave Coulomb function: 
92 
x 3 -  f ( 9 )  
Note t h a t  fo r  Y ( O )  t o  be a solution, one cannot neglect t he  p-2a2/acr2 
9192 
t e r m  i n  the model Schrzdinger equation. 
which cancels the p-2  f a c t o r  making t h i s  term non-vanishing even i n  the  
asymptotic region. 
P - ~ ,  is  i n  f a c t  more important than the Coulombic poten t ia l  term.) 
In  par t icu lar  a2/acr2 brings down p2 
(Thus t h i s  term, i n  s p i t e  of being formally of t he  order 
Considering the t o t a l i t y  of solutions ( a l l  q,, g2 f o r  a given E ) ,  one 
cannot say beforehand whether the sum yields  a function f o r  which one can 
neglect the a2/acr2 term. 
ionization (S-wave ) solutions are 
In  the  case of short  range forces the  elementary 
f o r  which one can a l so  not neglect t h e  a2/aa2 term. 
sums the t o t a l i t y  of such solutions one a r r ives  a t  a function 
Nevertheless when one 
3 
f - 7 -  
forces, however, the  inadequacy of ( 5 )  and (5a) a l o n g z l  = r2 (rl = r2) shows 
t h a t  t he  composite solut ion w i l l  not allow t h i s  second derivative t o  be neg- 
lected.  (Notice t h a t  (ll) does not contain these d i f f i c u l t i e s  along the  
- 
r l  = ~2 boundary. ) u 
!Eel; %lis model SciirZiinger equation is  wri t ten i n  terms of rl and r2, 
it can be seen t o  be the  zeroth order problem of the  non-adiabatic theory of 
electron-hydrogen sca t te r ing  .’ For energies below the ionization threshold 
(E < 0) exact solut ion can be wri t ten i n  terms of exact separable solutions: 
where 
and F r e f e r s  t o  the 4 = 0 Coulomb wave Function regular a t  t he  origin.  The 
point i s  tha t  the coeff ic ients  i n  (13) are determined by the condition the  
s ing le t  or t r i p l e t  boundary condition along rl = r2 be smoothly sa t i s f ied .  7 
Uti l iz ing  the continuity conditions, and the conservation of current, we have 
ana ly t ica l ly  shown i n  both the s inglet  and t r i p l e t  cases t h a t  f o r  energies near 
- a -  
ionizat ion threshold Cn a n-3/2, which implies'' t h a t  t he  threshold dependence 
i s  proportional t o  E3/' fo r  the zeroth order problem. 
Above threshold it would be tempting t o  augment (13) with terms of t h e  
form 
with the requirement t h a t  C ( q 2 )  be chosen so t h a t  t he  boundary condition along 
r l  = r2 be s a t i s f i e d .  
outgoing current f o r  the inner pa r t i c l e  (r2).  
asymptotic condition demands a sum of functions of the type of Eq.  (10): 
However, such terms do not obey the requirement of 
It i s  c l ea r  i n  f a c t  t h a t  t h i s  
with C ( q 2 )  s t i l l  determined by the boundary condition along r l  = r2; but unless 
a miracle happened t h i s  function w i l l  not be well-behaved a t  r2 = 0. 
conclusion from a l l  of t h i s  i s  t h a t  the expansion i n  terms of separable pro- 
ducts (on t h e  energy s h e l l )  i s  manifestly not complete i n  t h e  ionization region. 
One thing t h a t  can be done i s  t o  imagine a var ia t iona l  counterpart of (14a) 
of the  form, say, 
The 
i - 9 -  
The boundary condition along r2 = 0 is now automatically s a t i s f i e d  and the  
double se t  of coefficients B ( q 2 )  and C ( q 2 )  are now determined by the condition 
t h a t  (14b) be a solution of the zeroth order problem and t h a t  it sa t i s fy  the  
boundary condition t h a t  rl = r2. In t h i s  w a y  w e  w i l l  not have avoided the  
boundary condition requirement along rl = r2 and the  resul tant  solut ion w i l l  
not be subject t o  the  c r i t i c i sm of (md therefore will .  be d i f fe ren t  from) Eq. 
(5a) 
The individual solutions i n  (14) describe, i n  a c lear  w a y ,  the  quantum 
mechanics of the physical s i tua t ion .  The scat tered pa r t i c l e  moves as an out- 
going ( f r e e )  spherical  wave whereas the inner pa r t i c l e  moves in the  Coulomb 
f ie ld  of the  nucleus. That th is  Continues t o  be the case when one considers 
the  fill ( W )  in teract ion has not been proven. 
argument (which corresponds t o  t h i s  function @* i n  t he  first approximation) 
contends tha t  t he  outer pa r t i c l e  sees an rl-l poten t ia l  coming from the f ac t  
it sees ( i n  the first approximation) a dipole f i e l d  of t he  nucleus and the  
inner electron, the dipole moment of which expands as rl itself (due t o  the  
inner and outer pa r t i c l e  coming out with a constant r a t i o  of t h e i r  ve loc i t i e s ) .  
We,however, consider t h i s  argument t o  be erroneous,because from the  quantum 
mechanical viewpoint i n  order t o  prepare an incident beam of a given energy, 
one requires a longer and longer wave t r a i n .  Thus the  emerging pa r t i c l e s  are 
described by spherical  waves, and what the outer pa r t i c l e  sees i s  not an inner 
pa r t i c l e  i n  a def in i te  o rb i t  but a smared out probabili ty amplitude which has 
the  e f f ec t  ult imately of screening the outer e lectron from the  nucleus. 
consideration is  par t icu lar ly  relevant near threshold where the wave lengths 
of both emrgent  pa r t i c l e s  are large.  This i s  the physical basis upon which 
I n  f ac t  the  semi-classical 
This 
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we believe t h a t  not only i s  the asymptotic form of q C  i n  Equation ( 5 )  not 
completely correct,  which w e  have already shown, b u t  subs tan t ia l ly  incorrect 
i n  the threshold region. 
- I  
Finally,  these considerations show t h a t  one cannot neglect the p - ' s i n  5, 
2/28,, ( y\ c , ~  ) /: term i n  the f u l l  S-wave problem anymore than one 
-1 (&l can neglect the f term i n  the  zeroth order problem. In f a c t  w e  can 
f ind  solutions i n  the presence of t h i s  term providing w e  r e t a i n  Wo i n  place 
of W. A t y p i c a l  solution i s  %-(f,q)gp '+:t"') /? fi'L4 42.) where /$, and 
(+ ) 
are the Rth spherical  Hankel function and outgoing wave Coulomb wave 
5j. 
function respectively. The most general such wave function incorporates t h e  
features of the previous mathematical and physical arguments, and thus we 
believe it represents the correct asymptotic form of the  S-wave function: 
This form i s  e12 dependent, of course, but being a product of f r ee  (spherical)  
waves and Coulomb waves it would suggest a nonlinear threshold l a w  fo r  ionization. 
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